We show that the image of a q-hyperconvex quasi-metric space under a retraction is q-hyperconvex. Furthermore, we establish that quasi-tightness and quasi-essentiality of an extension of a T 0 -quasi-metric space are equivalent.
Introduction
In [6] , Herrlich investigated hyperconvex extensions of metric spaces. Therein, using the concept of collinearity, he established that every bounded hyperconvex space X is a hyperconvex hull of the subspace EX which is constituted of the endpoints of X. In the current paper, we show, among other results, that q-hyperconvex quasi-metric spaces are preserved by retractions.
In [5] , Dress gave a characterization of a tight extension of a metric space in terms of essentiality. Here we extend this result to T 0 -quasi-metric spaces, and of course this in turn shows that symmetry is not required for this result to hold.
Preliminaries
This section contains some important definitions of the concepts which are used in the rest of the paper.
Definition 1. Let X be a set and let q : X × X → [0, ∞) be a function into the set of all nonnegative reals. Then, q is called a quasi-pseudometric on X if (a) q(x, x) = 0 whenever x ∈ X, (b) q(x, z) ≤ q(x, y) + q(y, z) whenever x, y, z ∈ X. We shall say that q is a T 0 -quasi-metric provided that q also satisfies the following condition:
(c) For each x, y ∈ X, q(x, y) = 0 = q(y, x) implies that x = y.
Remark 2. Let q be a quasi-pseudometric on a set X. Then the mapping q
) whenever x, y ∈ X is also a quasi-pseudometric, called the conjugate quasi-pseudometric of q. As usual, a quasi-pseudometric q on X such that q = q −1 is called a pseudometric. Note that for any
The q-hyperconvex hull of an asymmetric space
In this section, we recall some results from the theory of the q-hyperconvex hull of a T 0 -quasi-metric space due to Kemajou et al. (see [3, 4, 8] ). These are employed later to establish other results in Section 4. In addition, we show that for quasi-pseudometric spaces, the image of a retraction is q-hyperconvex whenever its domain is q-hyperconvex.
Definition 4.
A quasi-pseudometric space (X, q) will be called q-hyperconvex provided that for each family (x i ) i∈I of points in X and families of nonnegative real numbers (r i ) i∈I and (s i ) i∈I the following condition holds:
We say that a pair f = (f 1 , f 2 ) is minimal (among the ample pairs) if it is ample and whenever g = (g 1 , g 2 ) is ample on (X, q X ) and for each x ∈ X, g 1 (
Let A(X, q X ) denote the class of all ample function pairs on (X, q X ).
By ϵq(X, q X ) we shall denote the class of all minimal ample function pairs on (X, q X ) equipped with the restriction of D X to ϵq(X, q X ) × ϵq(X, q X ), which we shall denote by D X , a (real-valued) T 0 -quasi-metric on ϵq(X, q X ) × ϵq(X, q X ) (see [8, Remark 6] ). The necessary and sufficient condition for a function f = (f 1 , f 2 ) to be extremal is that f must satisfy the following equalities:
and
whenever x ∈ X (see [8, Lemma 6] ).
For each x ∈ X, the function pair fx(y) = (q X (x, y), q X (y, x)) whenever y ∈ X is a minimal ample function pair on (X, q X ). The map e X defined by x ↦ → fx whenever x ∈ X defines an isometric embedding of (X, q X ) into (ϵq(X, q X ), D X ) (see [8, Lemma 1] ). The couple (ϵq(X, q X ), D X ) is called the q-hyperconvex hull of (X, q X ). Note that the q-hyperconvex hull of a T 0 -quasi-metric space is q-hyperconvex and it is unique up to isometry.
is onto, nonexpansive and there exists an isometry g
Proof. Let (y i ) i∈I be a family of points in Y and (r i ) i∈I and (s i ) i∈I be families of nonnegative real numbers satisfying q Y (y i , y j ) ≤ r i + s j whenever i, j ∈ I. We have to show that
It follows that
Therefore (Y , q Y ) is q-hyperconvex as asserted.
Quasi-tight extensions
In this section, we define the notions of quasi-tightness and quasi-essentiality of an extension, and show that these two notions coincide. Further, we provide another proof of the result on quasi-tight extensions (see Proposition 10) which also appears in [1, 2] . 
whenever y 1 , y 2 ∈ Y and 0 < k < 1. By the nonexpansiveness of f , we have that
Furthermore, since f ∘ e and e are isometries, it follows that q(e(x 1 ), e(x 2 )) = kq Y (e(x 1 ), e(x 2 )) + (1 − k)q Z (f (e(x 1 )), f (e(x 2 ))) whenever x 1 , x 2 ∈ X. Thus q(e(x 1 ), e(x 2 )) = q Y (e(x 1 ), e(x 2 )) = q X (x 1 , x 2 ) whenever x 1 , x 2 ∈ X. Moreover, by quasi-tightness of e, we have q(y 1 , y 2 ) = q Y (y 1 , y 2 ) whenever y 1 , y 2 ∈ Y and this implies that
Therefore f is an isometry
The following theorem extends [6, Theorem 2].
Theorem 9. Let (X, q X ) and (Y , q Y ) be T 0 -quasi-metric spaces and suppose e : (X, q X ) → (Y , q Y ) is an extension of (X, q X ). Then the following conditions are equivalent: (X, q), D) commutes.
Proof. Observe that the existence of the map e Y and the commutativity of the diagram follows by the fact that (ϵq (X, q), D) is a q-hyperconvex T 0 -quasi-metric space. Since e Y ∘ i = e X is an isometry and i :
Consider another isometry e Y
Then for any y ∈ Y and x ∈ X, we have
Similarly, we have (e Y (y)) 2 
Proof. Consider the extension e Y
is a quasi-tight extension of (X, q X ), then by Proposition 10, there exists a unique quasi-tight extension e Y : (Y , q Y ) → (ϵq(X, q X ), D X ) such that the triangle
Since e X = e Y ∘ e is quasi-tight, e Y is quasi-tight and there exists a unique quasi-tight extension f :
Moreover, since e Y ′ = f ∘ e Y is quasi-tight, f is quasi-tight. Then note that (ϵq(X, q X ), D X ) is unique up to isometry by [8, Proposition 7(b) ]. Therefore f is an isomorphism.
We need to prove that q Y ≤ q in order to have q = q Y . Let [q(x 1 , x 2 ) − D(e X (x 1 ), f ) − D(g, e X (x 2 ))] ∨ 0 whenever f , g ∈ ϵq(X, q X ). Moreover, e X is a q-hyperconvex hull and q-injective since (ϵq(X, q X ), D X ) is a qhyperconvex hull and a q-injective hull by [8, Theorem 1] and [8, Theorem 7] . Furthermore, e X is a maximal quasi-tight extension of (X, q) by Proposition 10.
Remark 17.
Observe that for any T 0 -quasi-metric space (X, q X ), the extension e X : (X, q X ) → (ϵq(X, q X ), D X ) of (X, q X ) is quasi-tight. Moreover e X is a q-hyperconvex hull and a q-injective hull.
Corollary 18. The maximal quasi-tight extension of any T 0 -quasi-metric space (X, q X ) is unique up to isomorphism.
